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Abstract. We numerically study the behavior of self-propelled liquid droplets whose motion is triggered
by a Marangoni-like flow. This latter is generated by variations of surfactant concentration which affect
the droplet surface tension promoting its motion. In the present paper a model for droplets with a third
amphiphilic component is adopted. The dynamics is described by Navier-Stokes and convection-diffusion
equations, solved by lattice Boltzmann method coupled with finite-difference schemes. We focus on two
cases. First the study of self-propulsion of an isolated droplet is carried on and, then, the interaction
of two self-propelled droplets is investigated. In both cases, when the surfactant migrates towards the
interface, a quadrupolar vortex of the velocity field forms inside the droplet and causes the motion. A
weaker dipolar field emerges instead when the surfactant is mainly diluted in the bulk. The dynamics
of two interacting droplets is more complex and strongly depends on their reciprocal distance. If, in a
head-on collision, droplets are close enough, the velocity field initially attracts them until a motionless
steady state is achieved. If the droplets are vertically shifted, the hydrodynamic field leads to an initial
reciprocal attraction followed by a scattering along opposite directions. This hydrodynamic interaction acts
on a separation of some droplet radii otherwise it becomes negligible and droplets motion is only driven
by Marangoni effect. Finally, if one of the droplets is passive, this latter is generally advected by the fluid
flow generated by the active one.
PACS. XX.XX.XX No PACS code given
1 Introduction
Much research has been recently focussed on the study
of self-propelled droplets, a remarkable example of sys-
tem that shows autonomous dissipative motion sustained
by an internal energy supply [1,2]. Various mechanisms
triggering droplet locomotion have been proposed during
years. These rely, for instance, on the phase separation of
a multicomponent fluid [3], on redox reactions in an elec-
trolyte medium [4], or on chemical reactions such as the
Belousov-Zhabotinskii ones, in which traveling waves of
chemical activity inside the droplet determine an oscilla-
tion of the interface which favours the self-propulsion [5,
6]. Importantly the presence of spatial heterogeneities in
the distribution of a chemically reactive solution is crucial
to generate spontaneous motion.
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Autonomous motile droplets are of particular interest
in biology as they can mimic, for example, the spontaneous
motion of cells [7,8] or the behavior of protozoal organ-
isms [9]. The latter include organisms particularly abun-
dant in nature such as cyanobacteria, paramecium and
volvox, whose motion is guided by tangential or radial de-
formations of their surface [10,11]. In a recent work Thutu-
palli et al. [12] have shown that a spontaneous motion of
self-propelled non-living droplets can be driven by chem-
ical reactions based on a symmetry-breaking mechanism.
More specifically, the motion is triggered by a Marangoni
flow [13,14,15] which results from the spontaneous bromi-
nation of a surfactant located on the interface of a water
droplet dispersed into an oil background. This, in turn,
leads to an anisotropic surface tension which creates the
flow inside and outside the droplet. The self-propulsion
using Marangoni effect was initially proposed by Ryazant-
sev [16] and is now widely used to create self-motile ob-
jects [12,17,18,19,20,21,22]. Such mechanism has been
theoretically modeled in several studies [23,24,25,26,27,
28,29], usually through a set of balance equations in which
the evolution of the surfactant is governed by a convection-
diffusion equation (in which production and consumption
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contributions are included) while its advection towards (or
away from) the droplet interface is driven by the velocity
of the fluid. The latter instead obeys the Stokes equa-
tion. The change in the concentration of the material is
typically described by a further convection-diffusion equa-
tion. While many theoretical studies have shed light either
on the chemical reactions occurring in the system or on
the symmetry breaking mechanisms promoting the droplet
motion, much less is known about the structure of the hy-
drodynamic fluid flow, inside and in the surroundings of
the droplet. The interplay between the local velocity field
and the concentration of surfactant is essential to under-
stand how the motion occurs and, eventually, to suggest
experimental procedures to control it. This is even more
important for an emulsion of droplets, as it could provide
insights for the design of complex structures of technologi-
cal interest starting from a primordial disordered arrange-
ment of droplets.
The purpose of the present paper is to elucidate the
role played by hydrodynamic interactions when droplets,
in an extremely diluted regime, acquire motion through
a Marangoni-like flow. This is created by an inhomoge-
neous distribution of surfactant inside the droplet which,
in turn, affects the surface tension. We have found that
the velocity field structure has a non-trivial dependence
on the dynamics of the surfactant. If this is produced in a
circular region inside the droplet (tangentially to the inter-
face) and is then diluted in the bulk of the fluid (without
being absorbed at the interface), a dipolar velocity field
forms inside the droplet itself, which then moves unidirec-
tionally, where the surface tension is higher. This flow is
however much weaker than that observed when the sur-
factant migrates towards the interface. In this case an in-
tense flow, distributed tangentially to the droplet interface
(where the local surface tension is lower), pushes the local
fluid backwards and favours the formation of four vortices
located inside it. Interestingly, in all cases two vortices
form outside the droplet in its front and favour a unidi-
rectional motion. We have also extended the study to the
case of two interacting self-propelled droplets, which, to
the best of our knowledge, has been theoretically investi-
gated only recently for the first time [27]. Several system
realizations have been studied. For instance, if the droplets
are collinear and move against each other, a steady state
is achieved due to a balance between the Marangoni flow,
promoting their collision, and the flow field formed in be-
tween the droplets, favouring repulsion. If the droplets are
shifted vertically and are close enough, a mutual attrac-
tion is initially found followed, later on, by a reciprocal re-
pulsion due to the hydrodynamic field emerging between
them. If they are vertically aligned and again sufficiently
close, the repulsion initially dominates while at late times
the motion is driven only by Marangoni effect as the in-
teraction between droplets becomes negligible. If only one
of the two droplets is active, the passive droplet is usually
advected by the fluid flow generated by the active one.
We finally mention that the thermodynamic descrip-
tion adopted here is the same as that presented in Ref. [26]
for the single self-propelled droplet and in Ref. [27] for two
colliding self-propelled droplets. However, in the analytical
study of Ref. [26] (i) hydrodynamic effects are taken into
account in the Stokes approximation and (ii) the struc-
ture of the velocity field and its effect on the dynamics
of both the concentration of the fluid and of the surfac-
tant is not numerically discussed. Also, in Ref. [27] only
head-on collisions are considered, whereas here the study
has been extended to further cases. The advantage of our
model is that it represents an intentionally simplified de-
scription of complex biochemical processes which allows
us to isolate a few key physical parameters controlling the
hydrodynamics in the system.
The paper is structured as follows. In Sec. 2 we de-
scribe the thermo-hydrodynamics of the system and the
numerical method adopted to numerically solve the hy-
drodynamic equations governing its physics. In Sec. 3 we
discuss the equilibrium properties of a planar interface and
of a motionless droplet when the surfactant is either ab-
sorbed at the interface or not. Sec. 4 is dedicated to present
the results of a single motile droplet whose propulsion is
triggered by a surfactant produced in a circular region
tangential to its interface. In a further section we report
the results regarding the interaction of two self-propelled
droplets, both when the reciprocal motion is collinear and
when it is vertically shifted. A final section is devoted to
the discussion of the results and to the conclusions.
2 The model
In this Section we first describe the equilibrium model
of the fluid mixture with surfactant. We then introduce
the phenomenological equations governing the physics in
which the contribution of source and consumption terms
of the surfactant is added. Finally we give details about
the adopted numerical model.
2.1 Thermo-hydrodynamic description
We first consider a passive ternary fluid mixture with equi-
librium free energy [26]
F =
∫
dr f(n, φ, c)
=
∫
dr
[
nT lnn+ fGL(φ) +
B(c)
2
(∇φ)2 + c ln c
]
,(1)
where f(n, φ, c) is the total free energy density, φ is the lo-
cal concentration difference of two immiscible components
of the mixture, c is the concentration of surfactant (the
third component), T is the temperature, assumed fixed
in the following, and n is the total density of the mix-
ture. The term depending on n gives rise to the ideal gas
pressure pi = nT which does not affect the phase behav-
ior. The free-energy density fGL(φ) =
a
2φ
2 + b4φ
4 corre-
sponds to the polynomial part of a Ginzburg-Landau free
energy describing the bulk properties of the system [30].
The coefficient b is always positive while a allows to dis-
criminate between a homogeneous (a > 0) mixture and a
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separated one (a < 0), where the two components coexist
with equilibrium values φ = ±φeq being φeq = √−a/b.
The interfacial properties of the mixture are controlled
by the gradient term where the coupling B(c) is assumed
globally positive with expression B(c) = B0 + B1c [26].
The coefficient B1 determines whether the surfactant mi-
grates to the interface (B1 < 0) or away from it in the
bulk (B1 > 0). The logarithmic term f0 = c ln c arises
from the translational entropy of the dilute amphiphilic
component.
The time-evolution of φ is described by the convection-
diffusion equation
∂tφ+∇ · (φu) = ∇2µφ (2)
where µφ is the chemical potential given by
µφ =
δF
δφ
= aφ+ bφ3 −B(c)∇2φ−B1∇φ · ∇c. (3)
The dilute component c obeys a convection-diffusion equa-
tion as well
∂tc+∇ · (cu) = ∇ · [L(c)∇µc] (4)
where L(c) = Dc and D is the diffusion coefficient for the
surfactant. The quantity µc is the chemical potential of
the surfactant
µc =
δF
δc
= ln c+ 1 +
B1
2
(∇φ)2. (5)
In the right hand side of Eq. (4) the linear dependence
of L(c) is necessary for a dilute component [26], in order
to avoid a singularity at c = 0 in the surfactant density
current jc = −L(c)∇µc (if the r.h.s of Eq. (4) is written
as −∇ · jc).
The concentrations φ and c are coupled to the local
velocity u of the whole fluid which obeys the Navier-Stokes
equation
∂t(nuβ) + ∂α(nuαuβ) = −∂αPαβ
+∂α
{
η
(
∂αuβ + ∂βuα − 2δαβ
d
∂γuγ
)
+ ζδαβ∂γuγ
}
(6)
where η and ζ are the shear and bulk viscosities respec-
tively and d is the dimensionality of the system (d = 2 in
our case). The fluid mass density n satisfies the continuity
equation
∂tn+∇ · (nu) = 0. (7)
Pαβ is the pressure tensor of the system. Its expression is
obtained by
Pαβ =
[
φ
δF
δφ
+ c
δF
δc
+ n
δF
δn
− f(n, φ, c)
]
δαβ +Dαβ (8)
where Dαβ has to ensure the general equilibrium condition
∂αPαβ = 0. It turns out that Pαβ = p0δαβ +B(c)∂αφ∂βφ
with
p0 = p
i +
a
2
φ2 +
3b
4
φ4 −B(c)φ∇2φ
−B1φ∇c · ∇φ+ c− B0
2
∇φ · ∇φ.
(9)
The active character of the droplet is described by
adding a source term AΘ(R−|r−rP |) and a consumption
one −γ(c− c0) to the Eq. (4) of the surfactant concentra-
tion. The source term with coefficient A > 0 mimicks the
production of surfactant in a circular region, centered in
rP inside the droplet, of radius R, Θ being the Heavi-
side step function. The second term promotes a reduc-
tion of c with rate γ > 0, c0 being the minimum value of
c all over the system. This is slightly different from the
case discussed in Ref. [26], where a spontaneous motion
is achieved when the distribution of the surfactant, ini-
tially covering the whole droplet, is slightly shifted from
the droplet center of mass.
Equations (2), (4), (6) and (7) are solved numerically
by using a hybrid method [31], with a standard lattice
Boltzmann approach for the continuity and the Navier-
Stokes equations and a finite difference scheme for the
convection-diffusion equations. The method is described
in the next sections.
2.2 Lattice Boltzmann numerical scheme
We adopt a bidimensional square lattice (D2Q9 geometry)
of size Lx×Ly. Horizontal (H) and vertical (V) links have
length ∆x and diagonal (D) ones
√
2∆x. On each lattice
site r nine lattice velocities ei are defined (i = 0, ..., 8).
They have modulus |ei| = ∆x/∆tLB = e for H and V
directions and |ei| =
√
2e for D directions (with ∆tLB the
time step), and |e0| = 0 for the rest velocity. A set of dis-
tribution functions fi(r, t) is defined on each lattice site at
each time t. They evolve according to a single relaxation-
time Boltzmann equation with a forcing term Fi
fi(r+ ei∆tLB , t+∆tLB)− fi(r, t) =
−∆tLB
τ
[fi(r, t)− feqi (r, t)] +∆tLBFi,
(10)
where feqi are the equilibrium distribution functions and
τ is the relaxation time. The force term Fi encodes the
information of all the internal and external forces on the
mixture.
The distribution functions are related to the total den-
sity n and to the density momentum nu through
n =
∑
i
fi, nu =
∑
i
fiei +
1
2
F∆tLB (11)
where F is the force density to be properly determined.
The expressions of the equilibrium distribution functions
feqi must be chosen in order to locally conserve mass and
momentum in each collision step. A convenient choice for
the D2Q9 model is given by a second order expansion in
the fluid velocity u of the Maxwell-Boltzmann distribution
feqi = ωin
[
1 +
ei · u
c2s
+
uu : (eiei − c2sI)
c4s
]
, (12)
where cs = e/
√
3 is the sound speed, I is the unitary ma-
trix and ωi are coefficients with values ω0 = 4/9, ωi = 1/9
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for H and V directions, and ωi = 1/36 for D directions.
The previous expansion is valid in the limit of small veloc-
ity u << cs. The forcing term Fi can be written as a power
series at the second order in the lattice velocities [32]
Fi =
(
1− ∆tLB
2τ
)
ωi
[
ei − u
c2s
+
ei · u
c4s
ei
]
· F, (13)
where the force density is
Fα = −∂βPαβ + ∂α(nc2s) = ∂α(nc2s − pi)− φ∂αµφ − c∂αµc
= −φ∂αµφ − c∂αµc. (14)
This expression allows to recover the continuity and the
Navier-Stokes equation in the continuum limit [31]. Fi-
nally the bulk viscosity is ζ = η, and the shear viscosity
is
η = nc2s∆tLB
(
τ
∆tLB
− 1
2
)
. (15)
The implementation of bounding walls follows that de-
scribed in Ref. [33].
2.3 Numerical solution of the convection-diffusion
equations
The convection-diffusion equations are solved by using a
finite-difference scheme [31]. Time is discretized in time
steps ∆tFD with time values given by t
n = n∆tFD (n =
1, 2, 3, ...). Throughout our simulations we have ∆tFD =
∆tLB . Any discretized function at time t
n at the node
(xi, yi) is indicated with the symbol g
n
ij . To enhance the
numerical stability, the finite-difference scheme is imple-
mented by using two steps. In the first step, the concen-
tration field φn and the surfactant cn are updated in an
intermediate time using an Euler algorithm
φn+1/2 = φn −∆tFD(φn∂αunα + unα∂αφn) (16)
cn+1/2 = cn −∆tFD(cn∂αunα + unα∂αcn), (17)
where space derivatives of velocity are computed by using
a centered scheme while those of the concentration are
calculated with an upwind scheme [31]. The diffusive parts
are implemented in the second step, as
φn+1 = φn+1/2 +∆tFD∇2[aφn+1/2 + bfn −
(B0 +B1c
n+1/2)∇2φn+1/2 −B1∇cn+1/2 · ∇φn+1/2],
(18)
and
cn+1 = cn+1/2 +∆tFD[∇ · (Dcn+1/2∇µn+1/2c )
−γ(cn+1/2 − c0) +AΘ(R− |r− rP |)],
(19)
where fn = (φn)3. Here spatial derivatives are discretized
by using a centered scheme.
At walls neutral wetting boundary conditions are cho-
sen by setting n · ∇µφ = n · ∇µc = 0, where n is a unit
vector normal to the walls and pointing inwards.
3 Equilibrium properties
In order to validate our model, we first study the relax-
ation towards equilibrium of a planar sharp interface sep-
arating the phases of a binary fluid mixture. The study is
performed on a lattice of size Lx = Ly = 128∆x where
periodic boundary conditions are set. Thermodynamic pa-
rameters are a = −b = −0.001, D = 0.1, ∆x = ∆tLB = 1,
τ = ∆tLB . We have also set γ = A = 0 to neglect produc-
tion and consumption contributions of the surfactant. A
mapping with real units is reported in Appendix. In Fig. 1
we show the profile of φ and c at several simulation times,
when B0 = 0.006 and B1 = −0.05, in order to favour
the migration of the surfactant (initially set to ci = 0.1
everywhere) to the interface from the bulk [34].
The concentration φ correctly relaxes to its expected
equilibrium profile, given by [26]
φ(x) = φeq tanh
(
2x
ξ
)
(20)
where ξ is the interface width, whereas the surfactant
gradually moves towards the interface where a peak in the
concentration is found. This is created at early times and
lasts until full equilibration (namely when ∇µφ = ∇µc =
0 and ∂αPαβ = 0) is achieved. In line with these results, a
good agreement is also found between the theoretical and
the numerical values of the surface tension obtained for
several values of B0 and B1 (see Table 1). For a planar
interface along the x direction, the former is calculated
as [26]
σth =
∫
B(c)
(
∂φ
∂x
)
dx, (21)
whereas the numerical value is computed from
σnum =
∫
(f(φ, c)− f(φeq, c))dx, (22)
where f(φ, c) is the free-energy density of a system with
planar interface and f(φeq, c) is the free-energy density of
a homogeneous system without interface. By keeping B0
fixed, the value of the surface tension is lower when B1 < 0
due to the accumulation of surfactant at the interface. As
expected, by increasing B0 the surface tension augments
if B1 is kept negative.
We then studied the relaxation towards equilibrium of
a circular droplet of radius R = 32∆x with the same pa-
rameter set, as a test case of a system with interface not
aligned with lattice links. Fig. 2 shows the contour plot
of the concentrations φ of the system. No effects of the
underlying lattice can be seen in the concentration con-
figurations while the surfactant migrates to the interface.
By using Eq. (21), we have also computed the surface
tension of the droplet for some values of B0 and B1, con-
sidering a cross-section along the x-direction. Values re-
ported in Table 2 are in very good agreement with those
obtained for a planar interface listed in Table 1. Same re-
sults have been obtained for a cross section taken along
the y-direction. Finally, since the equilibrium relaxation
time of a droplet depends upon its radius R, the viscosity
F. Fadda, G. Gonnella et al.: Lattice Boltzmann study of chemically-driven self-propelled droplets 5
−1.500
−1.000
−0.500
0
0.500
1.000
1.500
0 10 20 30 40 50 60
φ/ 
φ eq
x/∆x
(a)
0.995
1.000
1.005
1.010
1.015
0 10 20 30 40 50 60
c 
/ c
i
x/∆x
(b)
Fig. 1. Concentration profiles of φ (a) and c (b) across the system for B0 = 0.006 and B1 = −0.05 at times t/∆tLB = 0 (+,
red), 102 (×, green), 2× 102 (∗, blue), 2× 105 (, brown).
of the fluid η and the surface tension σ, a typical relax-
ation time can be defined as τr = ηR/σ. Simulations of
equilibrated droplets with different radii show that the
numerical relaxation time scales linearly with R. In par-
ticular we have τr/∆tLB = 3.11×104, 4.64×104, 6.22×104
for R/∆x = 16, 24, 32 respectively.
4 Self-propelled droplet
In this section we study the dynamics of an isolated self-
propelled droplet surrounded by a passive Newtonian fluid.
We begin by considering a droplet of radius R = 32∆x
located at the centre of a relatively long rectangular box,
with dimensions Lx = 512∆x and Ly = 256∆x, and sand-
witched between two plates at separation Ly. The lattice
length Lx is chosen in order to minimize the artificial in-
teraction between periodic images of the droplet. The in-
teraction of the droplet with the walls can be considered
negligible if the distance between the droplet interface and
the wall itself is larger than 80∆x, an empirical value es-
timated from a series of simulations performed at several
vertical distances. The concentration of the surfactant is
initially constant all over the system and sets equal to
ci = 0.1. We have also set B0 = 0.006 and B1 = ±0.05,
while the relaxation time is τ = 0.6∆tLB .
We initially equilibrated the system until approximately
t/∆tLB = 2×105, when the total free energy is at its global
minumum and the fluid mixture is fully equilibrated. Af-
terwards we switched on consumption and production terms
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Fig. 2. Contour plot of φ at equilibrium for B0 = 0.006 and B1 = −0.05. The red circle represents the area where the surfactant
migrates. The colour scale for the contour plot also applies to Fig. 6, 7, 8 and 9, and refers to the values of φ/φeq.
Table 1. Comparison of theoretical and numerical values of
the surface tension for a planar interface with different values
of B0 and B1.
B0 B1 σth σnum
0.003 -0.01 0.00128 0.00129
0.003 0.01 0.00185 0.001856
0.006 -0.01 0.00208 0.00208
0.006 0.01 0.00248 0.00249
0.006 -0.03 0.00159 0.00160
0.006 0.03 0.00283 0.00284
0.006 -0.05 0.00086 0.00086
0.006 0.05 0.00314 0.00314
0.01 -0.01 0.00283 0.00283
0.01 -0.05 0.00208 0.00208
0.01 -0.08 0.00127 0.00128
0.08 -0.05 0.00915 0.00932
0.08 -0.1 0.0089 0.0089
0.08 -0.6 0.0043 0.0041
Table 2. Calculation of numerical values of the surface tension
for a droplet, considering a cross-section along the x-direction.
B0 B1 σth
0.006 -0.03 0.00159
0.006 0.03 0.00281
0.006 -0.05 0.00086
0.006 0.05 0.00313
(namely A and γ) of surfactant in Eq. (4). In our simpli-
fied model the concentration of surfactant is consumed
at constant rate γ = 1.5 × 10−3 in the whole system,
while its production occurs in a circular region inside the
droplet and tangential to it (see Fig. 3). In particular
the coefficient A (that controls the strength of produc-
tion) was chosen time dependent with A(t) = A0t for
t < t∗ = 2 × 106∆tLB , and was kept constant to the
value ' 10−4 ÷ 10−5 for t ≥ t∗. The value of γ and the
functional form of A guarantee a good numerical stability
(as long as γ/A0 ' 107) and a considerable movement of
the droplet. Indeed if the production of surfactant is too
fast, the stability condition B(c) > 0 is violated and the
droplet breaks up.
After consumption and production terms are switched
on, the droplet acquires motion mainly parallel to the x-
axis along the increasing abscissa, regardless of the sign of
the coefficient B1 (see Fig. 3). This occurs as a lower sur-
face tension, created at the interface where the surfactant
is produced, triggers the formation of a Marangoni-like
flow favouring the onset of the motion. However the veloc-
ity field structure is strongly affected by the sign of B1. In-
deed if B1 < 0 (top panel, Fig. 3) a quadrupolar-like fluid
flow forms inside the droplet. Two vortices form mainly
tangentially to the interface (the top one rotating coun-
terclockwise while the bottom one rotating clockwise) and
two further vortices are created in the bulk of the droplet
(the top one rotating clockwise and the bottom one rotat-
ing counterclockwise). The local fluid is pushed backwards
mainly along the interface near the leading edge (point B
in Fig. 3) and from the centre of the droplet (in direction
antiparallel to the x-axis) whereas it is pumped forwards
diagonally in the region where the surfactant is produced.
Outside the droplet instead, two large vortices form at
its leading edge, favouring the motion along the increas-
ing x-axis. If B1 > 0 instead, there is less surfactant on
the interface and more in the bulk of the droplet; besides
the two vortices formed on the right outside it, only two
further large vortices (the upper one rotating clockwise
and the lower one rotating counterclockwise) are created
inside, with a negligible fluid flow near the interface. We
also note that when B1 < 0 the magnitude of the velocity
field is more intense than when B1 > 0, hence the droplet
moves faster. This can be seen by looking at the posi-
tion of the center of mass of both droplets, computed as
rCM (t) =
∑
ij φijrij(t)/
∑
ij φij where the indexes i and
j denote the lattice sites and the sum is calculated under
the constraint φij ≥ 0. Fig. 4 shows the evolution of the
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x-component of the centre of mass in the time interval
[2× 105∆tLB ; 2× 106∆tLB ] in which both droplets move
unidirectionally but with a different speed, higher when
B1 < 0. We finally mention that, when consumption and
production are switched on, the surfactant concentration
in the bulk reduces to c ' 0.06 if B1 < 0 (its complete
depletion is prevented by the existence of a minimum at
a finite value of c > 0 in the bulk free energy term c ln c),
a value significantly lower than that at the interface. The
surfactant concentration is large only in a very narrow
area in front of the droplet which extends axially over a
distance up to R/3.
The droplet described so far is an example of an active
system as it is capable to perform autonomous motion by
converting energy of a chemical source, such as that stem-
ming from an inhomogeneous production of surfactant.
The dynamics of such active swimmers can be theoreti-
cally modeled by the “squirmers”, spherical particles with
a predefined axisymmetric tangential velocity distribution
on its surface whose deformation can trigger motion [9].
Depending on the structure of the velocity field a single
squirmer creates in the surrounding fluid, three classes can
be distinguished, namely pushers (or extensile swimmers),
pullers (or contractile swimmers) and neutral swimmers.
In the particle frame, the fluid will be pulled inwards equa-
torially and emitted axially for pushers whereas the oppo-
site will occur for pullers. While in both cases the velocity
field is dipolar, that associated to a neutral swimmer is
quadrupolar [35]. In the lab frame instead, the propulsion
will act from the rear for pushers and from the front for
pullers with a characteristic double-vortex structure of the
velocity field. The typical velocity profile on the surface of
a squirmer can be written as [35,36]
u(θ) = b1sin(θ) +
1
2
b2sin(2θ) (23)
where the two terms on the right hand side stem from
an expansion with Legendre polynomials truncated to the
second mode. Eq. (23) represents the polar component of
the velocity of the fluid and θ is the polar angle. θ = 0
defines the direction in which the squirmer swims, namely
that indicated by the thick arrow in Fig. 3. The dimen-
sionless parameter β = b2/b1 defines the type of squirmer:
if β < 0 it is a pusher, if β > 0 it is a puller and if β = 0 it
is a neutral swimmer. In order to determine the dynam-
ical behaviour of our active droplet we calculated u(θ)
from our numerical data for both B1 < 0 (Fig. 5a) and
B1 > 0 (Fig. 5b) at t/∆tLB = 6×105 and fitted it by using
Eq. (23). Although only on a qualitative level, our results
support the view that the droplet behaves as pusher-like
particle (regardless of the sign of B1), as the propulsion
acts mainly from the rear of the droplet [35,36,37]. A bet-
ter agreement between the analytic velocity profile and
the simulated one could require more complex theoreti-
cal analysis, such as a fit in which higher order terms in
the Legendre polynomials are considered. We note how-
ever that the flow field profile in the front of the droplet is
difficult to capture quantitatively due to its complicated
coupling with the surfactant gradient (see Eq. 4).
5 Scattering of two self-propelled droplets
In this section we investigate the interaction between two
droplets. We consider different system realizations in which
both active and passive droplets are present. The latter
is modeled as a surfactant-free system in which an au-
tonomous motion is inhibited. In all the cases studied their
interaction is mainly mediated by the velocity field, since
they remain at a relative distance where interaction be-
tween surfactant of different droplets can be neglected.
Simulations are shown when B1 < 0 as, for the set of
parameters considered, a more persistent motion is found.
5.1 Colliding collinear droplets
We first consider the case of two collinear droplets of ra-
dius R0 = 32∆x located on the same horizontal line in
a lattice of size Lx = 512∆x, Ly = 256∆x. They are
placed at distance |xcm,1(ti) − xcm,2(ti)| = dx(ti) = 6R0,
where (xcm,1, ycm,1) and (xcm,2, ycm,2) are the coordinates
of the centers of mass of the droplets. The same set of pa-
rameters used in the case of the isolated active droplet is
adopted here as well. The system is initially relaxed up to
ti ' 2×105∆tLB ; afterwards production and consumption
terms of the surfactant are switched on. At early times,
the velocity field generated by each droplet resembles that
seen in Fig. 3, with four vortices inside the droplets and
other four ones located in their front, arranged into a four-
fold symmetry. Due to the initial relatively large distance
between them, the hydrodynamic interaction mediated by
the external passive fluid is negligible (Fig. 6a). However,
as the droplets move against each other driven by the inho-
mogeneity of the surfactant distributions, a compression of
the four vortices formed in the fluid in between is observed.
In addition a further quadrupolar field is clearly visible in
the system. Here two vortices are located on top of each
droplet outside them and the other two are placed at their
bottom (Fig. 6b). The structure of the velocity field in-
side each droplet instead displays the typical four vortices,
again triggered by a Marangoni-like effect, although now
more intense than that seen at early times. The relative
motion persists up to a time tf when a balance between
the repulsion induced by the flow between the droplets
and an attraction due to Marangoni effect is achieved.
This occurs, for the specific simulation considered, at dis-
tance dx(tf ) ' 3.3R0 with tf/∆tLB ' 1.585× 106.
The dynamics is overall simpler if the active droplet
on the right is replaced with a passive one (Fig. 6c-d).
In this case only the active droplet on the left is self-
propelled along the increasing x-axis. While initially the
interaction between the two droplets is negligible (Fig. 6c),
when the active one approaches the passive one the fluid
flow generated by the former pushes the latter rightwards,
which is hence simply advected by the fluid (Fig. 6d).
Finally in the absence of surfactant both droplets would be
passive and they would either remain firm in equilibrium
or coalesce if close enough.
Hence even in a relatively simple realization of a sys-
tem with two droplets, the dynamics can be dramatically
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Fig. 3. Contour plot of the concentration field c of the surfactant and of the velocity field (in the moving frame of the droplet)
when B1 < 0 (top panel) and B1 > 0 (bottom panel) at t/∆tLB = 6× 105 in both cases. The production and the consumption
of surfactant starts at t/∆tLB = 2 × 105. The black external circle indicates the interface of the droplet at φ = 0 while the
small circular yellow region is that in which the surfactant is produced. A and B indicate two extremal points of the droplet,
with surface tension in A greater than in B. The thin arrows on the top and on the bottom of the droplet indicate the direction
of the Marangoni-like flow coincident with the gradient of surface tension, instead the thick arrow on the right of the droplet
indicates the direction of motion. Only the central part of the rectangular simulation box is shown. The color scale refers to the
values of c.
different and ultimately be affected by the nature of the
droplets considered. In particular an inhomogeneous pro-
duction of surfactant migrating towards the interface of
the droplet may either drive the system to a non-motile
steady state (if both droplets are active) or render motile
a passive droplet if this is close enough with an active one.
5.2 Colliding non collinear droplets
The dynamics is even more intriguing in a modified setup
in which the droplets are vertically shifted. More specif-
ically, two droplets of radius R0 = 32∆x are placed at
dx(ti) = 6.25R0 and at dy(ti) = 4R0, in a lattice of size
Lx = 512∆x, Ly = 512∆x (Fig. 7a).
We initially consider a realization in which both droplets
are active, the upper one moving leftwards and the lower
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Fig. 4. (Left) x component of the center of mass of the droplet as a function of time for B1 = −0.05 (+, red) and for B1 = 0.05
(×, green) in the time interval [2× 105∆tLB ; 2× 106∆tLB ]. The droplet starts from the middle of the lattice (Lx/2 = 256∆x,
Ly/2 = 128∆x) and moves unidirectionally rightwards along the increasing abscissa. (Right) x component of center of mass
velocity for B1 = −0.05 in the same time interval. Velocity increases almost linearly up to t∗/∆tLB = 2 × 106, until the
production term is on. For t ≥ t∗ A(t) is switched off and the velocity remains constant.
one moving rightwards (Fig. 7). While at an early stage
the velocity field formed in the fluid between the droplets
(along a direction joining their centers of mass) favours
their mutual attraction (Fig. 7a), later on (see the tra-
jectories in Fig. 7b), after the droplets achieve a minimal
vertical distance (estimated roughly dy,min ' 3R0), it in-
duces a reciprocal repulsion, as clearly visible from the
direction of the velocity field formed between the droplets
when they pass each other (Fig. 7b). After the scatter
occurs, the droplets move along their own direction at
an almost constant speed. We remind that no rotation of
droplets occurs since the region of surfactant production
is fixed inside the droplet and does not follow its direction
of motion. This behavior has been observed for values of
vertical separation 3.5R0 ≤ dy(ti) ≤ 4R0, whereas for
lower values the attraction is strong enough to overcome
the resistance to coalescence mediated by the surfactant.
If the upper active droplet is replaced with a passive
one, the dynamics is not too dissimilar from the previous
case. Here the active droplet on the left acquires motion
rightwards and, when close enough with the passive one,
attracts it downwards (Fig. 8 (a)-(c)), until a minimal
vertical separation of dy,min ' 2.8R0 is achieved. Later
on, when the two droplets are almost vertically aligned,
the velocity field created by the active droplet repels the
passive one, which slightly shifts leftwards, whereas the ac-
tive one continues its motion rightwards, along the dashed
trajectory indicated in Fig. 8d. The main difference with
the case discussed in Fig. 7 is that the droplets get even
closer although at much longer times, as a weaker mutual
interaction is now due to only one source. Also in this
case this behavior holds as long as 3.5R0 ≤ dy(ti) ≤ 4R0,
whereas for lower values droplets coalesce.
5.3 Vertically aligned droplets
We finally consider the case of two droplets vertically
aligned, with dy(ti) = 2.5R0 and dx(ti) = 0 (Fig. 9).
If both droplets are active (Fig. 9a-b), the velocity field
formed in between favours their reciprocal repulsion and
a drift along the vertical direction, whereas that gener-
ated inside each droplet and in their front drags them
along the positive x-axis. Droplets move initially slightly
faster along the x-direction rather than along the y-one,
but when they get at a vertical distance of dy ' 4.2R0,
the speed along the y-axis progressively diminishes as the
repulsion becomes negligible. Our geometry slightly re-
sembles that studied by Gompper et. al. [38] in which the
interaction between two pullers is investigated.
If the upper droplet is passive (Fig. 9c-d), the flow
field created by the active one first pushes it upwards and
afterwards drags it slightly backwards. The motion of the
active droplet proceeds almost unaltered rightwards along
the trajectory indicated in Fig. 9d, and the repulsion with
the passive one becomes negligible at t ' 2.35×106∆tLB ,
when the vertical separation is roughly dy ' 3.2R0.
6 Conclusions
In this work we have studied the chemically-driven self-
propelled motion of an isolated droplet with lattice Boltz-
mann simulations, and we have also investigated the inter-
action between self-propelled droplets considering several
system realizations, such as those in which they are either
both active or one of them is passive.
An autonomous motion can be achieved when an in-
homogeneous concentration of surfactant, produced in a
region inside the droplet and consumed outside, is created
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Fig. 5. Polar velocity u(θ) as a function of the polar angle θ for B1 < 0 (a) and B1 > 0 (b). Data are taken at time
t/∆tLB = 6× 105.
in the system. This determines a gradient in the surface
tension on the interface of the droplet which triggers the
formation of a Marangoni-like flow favouring the motion.
The advantage of our minimal description relies on the fact
that it can provide a full resolution of the hydrodynamic
field in the system, in particular the intricate structure
of the vortices inside the droplet and in the surrounding
fluid, by controlling a small number of free parameters,
such as A and γ in Eq. (4) and B(c). Although at an ini-
tial stage, our preliminary study on the interaction of two
active droplets shows that the dynamics strongly depends
both on the geometry considered and on the nature of the
droplets. If both active, they initially attract and then re-
pel each other, depending on the structure of the velocity
field in the surrounding passive fluid which mediates the
interaction. If, instead, one of the droplet is passive, the
latter is simply advected by fluid flow generated by the
active one.
Our results are a first step towards a deeper under-
standing of the physics of more complex systems, such as
those in which the surfactant is allowed to rotate in order
to drive the droplet motion along a pre-established direc-
tion. This is going to be of paramount importance when
a large number of droplets is considered. In this case the
mutual interaction is generally non-trivial and could drive
the system towards novel emergent behaviours in which
the collective motion of droplets plays a crucial role. A
careful control on the dynamics of the droplets could be
fundamental in order to create targeted structures start-
ing from a primordial soup of disordered droplets. Finally,
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Fig. 6. Contour plots of the concentration field φ for two active colliding collinear droplets ((a)-(b)), and for an active left
droplet moving towards a passive right droplet ((c)-(d)). The velocity field is also shown. The whole lattice is [512∆x× 256∆x].
In the first case the two active droplets initially approach each other ((a) t/∆tLB = 7 × 105), but, when a balance between
the repulsion generated by intermediate hydrodynamic flow and the attraction due to a Marangoni-like effect is achieved,
the reciprocal motion ceases ((b), t/∆tLB = 1.585 × 106). In the second case the active droplet moves towards the passive
immobile one ((c), t/∆tLB = 7 × 105) and, when they come sufficiently close, the former pushes the latter to the right ((d),
t/∆tLB = 2.2× 106).
Fig. 7. Contour plots of the concentration field φ for two active vertically shifted colliding droplets. The velocity field is also
shown. The configurations are at times t/∆tLB = 7× 105 (a) and t/∆tLB = 2× 106 (b) and the trajectory is also shown. The
whole lattice is Lx = 512∆x×Ly = 512∆x. The two active droplets are initially attracted by each other ((a), t/∆tLB = 7×105)
and, when close enough, they are scattered away along their own direction. The color scale is the same as in Fig. 2.
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Fig. 8. Contour plots of the concentration field φ for an active and a passive vertically shifted colliding droplets. The velocity
field is also shown. The configurations are taken at times t/∆tLB = 7 × 105 (a), t/∆tLB = 1.6 × 106 (b), t/∆tLB = 2.3 × 106
(c) and t/∆tLB = 3× 106 (d). The lattice size is Lx = 512∆x, Ly = 512∆x. The left active droplet moves towards the passive
one ((a)-(b)) and when close enough, it initially attracts and then repels the passive one ((c)-(d)). Later on, the active droplet
continues its motion to the right along the dashed trajectory, leaving the passive droplet on its left (d). The color scale is the
same as in Fig. 2.
it would be desirable to extend our study to a fully 3D
system which, despite being very demanding in terms of
computational resources, is certainly of great interest for
pratical purposes.
Appendix
Here we provide an approximate correspondence between
our simulation parameters and typical realistic numbers of
an active droplet. A mapping of the radius R and of the
velocity v of the simulated droplets to the correspond-
ing typical values of experiments (R = 40µm and v =
15µm/s) [12], leads to a space and time step equal to
∆x ' 1.25×10−6m and ∆tLB ' 7.5×10−6s, respectively.
Hence the consumption rate is γ = 200s−1. Furthermore,
matching the initial surfactant concentration ci to the ex-
perimental value of 50mMl−1 [12] provides an estimate of
the production rate A ' 6.6× 102mMl−1s−1.
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